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1. Introduciion

A fundamental aim of experimentation in physical

sciences is to explore the elementary components of
an observed phenomenon, i.e. to define the physical
model of the event. For a quaniitative description, it
is furthermore desirable to derive a mathematical
model of the system investigated and 1o compute the
set of parameter values, which gives the best fii of the
model to the data. The use of weight factors is an
integral part of the computation procedures for estima-
tion of the parameter values [1] of the adopted model.
However, the application of weight factors in the dis-
criminztion between alternative mathematical models has
not, so far, been wiilized. In the present paper it is
demonstrated that weignting can serve this purpose,
and it is furthermore illustrated by an example how
the choice of weight factors improves the discrimina-
tion. It should be noted that this new principle for
discrirnination between alternative mathematical models
is especially valuable when no or limited possibilities
exist for obiaining new experimental data according to
the optimal design for discrimination [Z —4). The pro-

cedure described here has been used in enzyme kineties,

but can equaily well be applied in other fields of science, -

where alterrative mathevatical models are considered
and Tthe data can be smb;;emed o) zegzresmm ajna]yms

2. Basns fnr ﬂlsmnunaitmn beiween altemahve maﬁle«- :
manca_ ma)dels

]1 is assumed that smma of the powerfu] thma- »
tion "Im:hmques 15] has been used for fitting several
'p]aus:lble mathem‘amal moﬂels 10 a ;gwen 'sei m [ pen—

‘f:'NQf:ﬁz~Hoflan@'ﬁlbfmz ‘Gbmpﬂﬁy—i,ﬁmerdam ‘, o

mental data. The resulis of fitting different models to
the same data can be vsed tu select on a statistical
ground the best model. A procedure for discrimination
on this basis has recently been described [3, 4] and
criteria are given to allow rejection of poor models.
Models, which have not been rejected according io
other criteria, are compared {criterion E |3, 4]) by
pairwise examination of the ratio of their comesponding
residuals sums of squares, §2,
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where Q?? and 2 are the residual sums of squares,

By and by the predicted values in the i-th experimen-
tal ponm and p; and p; the number of parameters for
models j and k respectively; n is the number of ex-
perimental points and v; the observed value of the in-
dependent variable {velocity in the example given
below) in the ith experimental point. The difference
between the observed and predicted value of model

~ J(k) 15 the residual of m@deﬂ ]{Jk) in the i-th pmm
'@J]‘(@H;)r S

| _‘m
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M is rmf m:m@st m'np@name ihat @Mﬂ}em, whmh are
: smg]g observations giving umxpemtemy lorge rosiduals,
~are eliminated {cf. {6]), becavse they have a strong in-
_ fluence on the regression znd may lead {0 erronecus
conclusicas in the discrimination pmceﬂme. A choice
- @i’ ihe bem mnne! can be made 1f ﬂm Q*-v;a}m fm one
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model is significantly smaller than the vahues of all
other models, which have passed the earlier examina-
tion. 1t is considered thet a significant difference exists
if the ratio {1) exceeds 1ae Fisher statistic {F-test) at
the arpropriaie degrees of freedom, {n— —Pj ) and: (n-pk)
and cesired significance level. {1t should be keptin
mind, however, thal nonlinsar regression will not
allow strict use of the F-iest unless a linear approxima-
tion is applicable in the vicinity of the solution vector
in the parameter space. Tesis for linearity, ¢f. [7], con
correoorate the use of the F-test.) The model wﬂh the
smallest (2-value is cormdered io be the best of the
alternatives,

1f a choice betweea two a]ismaiwe models cannol
be made, because the (¢ -values are too similar, it is
possible to increase 132 by collecting systematically
large residuals by additional experimentation at points
in the space of expeimental variables, where a poor
model fails to describe the system |2, 8). The Q2-
value of the “true” mods] will not increase. We have
earlier defined a discrimination function, g, which can
help to make the proper experiment design for selec-
tion of the best model [3, 4]. This funciion s based
on the residuals of the aliernative models j and %, which
are considered to consist of three components each:

s = € +€;; +‘Eaﬁa (3}

Tk = € T € ¥ Epp -4

where €; is the experimental or “pure” error (variance
| BTFOT); €55 ij and £ are errors due 1o inadeguacy of
models j and k (bias error), and € €5, Are efrors due 1o
~ the h-th regression procedure {computing error).
Presently, we consider e = e, which implies that .
the only difference bem een the residuals of the two
models is the bias error. The discrimination function, -
g, s defined as the absolnte value of the difference
" between ihe residuals, and the value of gl in the #th
, rexnenmpmal point js:
g_,-—ﬂ -—Jf.?ﬂcﬂ HA -—I’kﬂ H '—Iikﬂ - (S}
Numerical evaluation of g i baseﬁ on | 'Ihe tc:urrem
_ estimates of the parameger v;alues nf the m:rresptmdmg
) models; ‘ o :
©The value of g m-creases wml" ﬂwe mfmrrmaimm fm

X ﬁlscsr:lmmatmn bemeen Iwm :models gamed Iby expem i

dmf

memmmn ina pammllazr point in the space of in--
dependent variables (reactant concentrations in mhe
example given below). Thus the data set shoold be
enlarged by experiments designed 1o give high g-values,
which correspond 10 large residuals of the poor model.
This is a natvral weighting procedure and resulisin a
higher 92 value of the poor modsl, which will allow

" discrimination if the information content of the data

is sufficient.

3. Weighting -

3.1. Weight foctors for parameter estimaiion

Weight factors should be used in the parameter
estimation based on the least squares method, because
the terms in the regression function

Y= E{l"ﬂ'—* 'Df’ijbz | (6)
2 . . .

should have equal relative accuracy, [11. Nommally, the
weighting is based on the experimental error in the

i-th point taking the weights {w;) inversely proportion-
al to the square of the experimental error (the variance}

Y= Ew@wﬁ~2 w ')

This weighting procedure reduces bias in the parameier
estimation.

3.2. Weight factors for discrimination :
The use of weight factors in parameter estimation

is common practice, but weighting for discrimination

has to our knowledge not heretofore been used. The

basic idea is the same, viz. to give the greatest import-

‘ance 10 values @ffenng most of the information for
 the particular purpose, i.e. parameter estimation or

model discrimination. However, the information for
 the two separate purposes is distributed in different

ways in the space of mdapenﬂem experimental variables;
the e:xpenmemta_ points minimizing the volume of an

 ellipsoidal confidence region about the estimated

" parameter vector serve the first purpose [9], whereas -
the expanmemal points maxnnmng £ Serve the
;'second goal.

Crmsxde;r mbdels ] and k w}nch predmi :p-values
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which are the same {within the significance level
adopted) everywhere in the space of experimental
variables exc=pt in a region containing experimental
point m. A discrimination between m@de]s jand k is
feasible only on the bass of experiments in the
neighborhood of pmnit m. Only for points in this
region will the discrirzination function g assume a
value significantly grecier than zero. If experiments
are repeated exclusively near poini 7, a significant
difference between the O2-values for the two models
will develop after a number of experimenis. The same
effect is achieved if point 1 is given a sufficiently
heavy weight in comparison with other poinis.

3.2.1, Weighting based on the discrimination functior

The weight factors should preferably have a direct
functional relation to the information content for
discrimination in a particular experimental poini.
Therefore, the value of g offers a natural weight factor.
The weighted G2-values of models j and k are:

02 - ;EgAw- 52 M) (®
=23 g3 9 P I0=23) ()

g;€]0, mm‘i( i m)ﬁ

The weighted £2-values permit discrimination with a
smaller number of experimental data than non-weighted
values. The only difference between making new ex-
periments with replicates in the experimental points
in proporiion to the comesponding g values and cal-
culating the weighted @2-values is the assumption.
that the mean of the observed values in the i-th ex-
perimenizd point will not change after g replicates.
As the residuals of both models are multiplied by the
same factor, the original information of the measure-
ments will not be distorted by the weighting, The
“degrees of freedom {d.f.) of the ©2-values for the
“models wili not change by the weighting, because the
number of independent pieces of information has not
been altered. The numerical values of g are readily
available if computer programs calculating residuals or
predicted #-values are used. The time and cost of
cale uletmg g,-values are neghglb]e in compainsnn wrﬁ"
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the requirements for new cexpen’mems to reach the

_ same goal.

A }wawez weighting f@}r giscrimination is achieved

by usmg ‘; as a weight factor. Urder certain condi-

tions g~ is ﬁn«ecﬂ}; proportional to the tiformation
for dasmmmanon 110].

3.2.2. Weighting based on normalized residuals

The weighting based onr the discrimination function
(cf. sect. 3.2.1) has the uncertainty that large residuals
of two rival models will give a heavy weight if the 2if-
ference between the predicted values is large in the same
experimental point. This causes undesirable emphasis on
points, in which both models are poor. To avoid this
feature, a normalized weight facior was defined

ﬁqz - g& )
WS
g3+ al (10)
wie[0,1]

This weight factor is maximal when one model
coincides with the experimental point, and equal {o
zero when both models have equal deviations, i.e., in-
formation for discrimination is lacking. This weighting
procedure is :eiiable, but improves the discrimination
only moderately. A similar weight factor has been pro-
posed [11] for parameter estimation.

3.2.3. Model selection based on the information theory
The approach to the discrimination between models
afforded by the discrimination function g is closely
related to the solution given by the information theory
of the probiem how probabilities are distributest among
alternative models ]12]. Under the assumptions oy
noymal distribution, constant experimental error, and -
linearity of the models, the posierior probability
density function is for model j in expﬂnmema} point

(#31) (et 53]}

‘{“’5}3 i1, )2 D( D

1y = (o2 e (L L
pg-}%)] ;( ( ) P 2(@-_}9-)

where ¢2 and 62 are exp imental variance and variance

~ according to model j, res, sctively; o2 and predicted
- values are based on-the first { experirnental points. -
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The prioz probability in point (aﬂ) fm model j j

- can be exprassed as

S Pz',jﬁa‘? :
. “H’L,J p- -H-"”}pa knf,«as’

(12)

The est mud.e]l is chosen when the information
entropy (8} of ths sysiem of alternative models

s=_(n YRS MTE % S (13)

is minimal, i.e. eitner II; or Iy is zero [8]. 1; and 1,
denme the pmbabﬂuiuss associated with models j and %.
Evalnation of I1; and 11, leads to a selection of one
mode] in few steps of calculation, but this method has
the following drawbacks. First, the discrimination is
very much infinenced by the estimate of the experi-
- mental variance {0), and the experimental error
should be examined in every point to get a reliable
estimate. Second, the method is very sensitive and
only a few experimental daia are effective in the dis- -
-crimination. This feature favors a model giving an
‘excellent fit to the experimental points first vsed in
the computation, and makes the model selection in-
sensitive 1o inadequacy of the model in subseguent
points. (When p; ;= 1.0, avery large residual of mocel
§ in point {i+1} will not alter the choice already made.)
Apnlication of this meithod requires particular pre-

_cautions, e.g. randomizaiion of the data set and giving
different pmbabdmbs to the m@d@ls as stammg valuges,

4. An example of the use of weighting for discrimina-
tion between aliernative steady state kinetic models

The weighting methods for discrimination outlined

above are spplicable in all cases where regression analysis

is wsed in the selection of the best mathematical model,
As 4n example is given the fitting of two steady siate
Kkingtic models of yeast glyoxalase I 1o initial velocity

" ﬂazta (expxsnmems in collaboration with Dr. K. Ekwall
and Mrs. B. Gorna-Hail; cf, [13]). The :enzyme acts
onan ¢ ethbmam system, and ascording 1o motdel I,

“it is assumed that only one of the components in-

“fluences the veloeity. This corresponds to the. mdmary, .

M.whaehs—~MemPn rectangular hyperhola. Acc@rdmg
: ,m maoﬂe] 2 ar aﬂdmnnal mmpmem 13 re qhaed \tor
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~ the same result as the weighting, bu: s

| May 1573 .

_ wmpetmve inhibition by ﬁhe mmnd nwmptmem {ccf.

113]). The first experiviental data {data set A) were -
obtained nnder conditions suitable for paramster
estimation under- the assumption that model 1 was
valid. Fm:mg model 2 to these data gave a slight
decrease in the (2-value, but the difference between

 the Q2 .values for the alternative models was not sig-

nificant {cf. table 1). Use of the nommalized weight

. factors hardly affected the ratio of the Q2-values,.

whereas the weight factors based on the discrimination -

~ function (i.e. g and g7) increased the ratio somewhat.

However, the ﬂszemnm was not significant (a1 95%)
according to the F-test. Discrimination according to

-~ the informstion theory {eqgn. {11)) selected model 2

{i.e. 11, = 1.0) in less than 10 steps of computation,
but in s>me cases, where the order of calculation was
changed by permnting the serial mumbers within the
data set, model 1 was selecied. We conclude that the
information for discrimination in data set A was not

' sich enongh for discrimination according 1o the weighted

regression procedures. On the other hand, model selec-
tion based on the information theory is powerful, but

is founded on more resiricted assumptions, and has to

include calenlations on a number of permutations of

-~ the order w&ﬂma the data set.

To supply a more informative duta set; expenmems
were designed to better discriminate between the two
models. The results of these experiments {data set B) -

gave a greater difference between the D2 -valies of the
two models (cf. table 1). Under the assumption of

linearity of the models (cf. sect. 2), model 2 is signi-

ficantly better than model 1 even without weighting .

{w; = 1.0), and introduction of wmght factors signi-

: ﬁcanﬂy ingreases the rano of the 0% -valuss. Again the -

model selection based on the information theory gives
saveral computa-
mms are | quumﬁ m ascertain Ifhat ifhe chm:c.e is correct.
5. ’Sbm:lﬁsion ;

1t has been demonstrated that wenghimg can serse

" the'puzpose of discrimination berween ol alternative

- mathematical models, which can be sub;en:ieﬂ 10 18- -
. gressmn -analysis. “Three weight' factors have been -
- ‘presented; one s derived from normalized residuals.

" ‘and.1wo are based on the discrimination fanction. The
ar- o f Ist @f these 15 Weak bui xehable ,threas ihe ]atier v
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: : Table 1 -
IEffeEtt @f wmgmmg on me qum:em of the Tesidual sums of sgames Q"' IQ2 of o ruv_l mﬂdals
‘Data set - Weighis 7 ; , . i,
T o : 2 - g gl
i @ o o : 27 £ - ) —
{= no weights) 9+ Gk
A 0.000D80 000! . 214 o
@i 2 2501 D, =1.970 0.00001341 - 0.0000121 <1.762 0000648 _
. 0.000063 7 0.0D000892 : @70000@689 - 0.0C0503
B 4 '0.006352 0.0 ‘ L
(&£, = 69/68) DODI6IS _ ¢ 379 3480 0.033683 5413 0.095387 _ 12.33
s 0.000253 0.600432 D.0018438 Q.007697

Dlsmmmmmn is obtained at the 95% confidence level for ﬁata set A Qn /Q 2 > 1.98 and for data set B if Q?}Q% > 1.53 under

the assumpmn of linearity of the models,

are stronger. The most pcwerful discrimination
technigne, which is based on the information theory,
seems to over-estimate the information content and
sometimes selects the wrong model. We suggest that
increasingly stronger methods 2ve used in the weighting
- for discrimination, and if only the method based on
the information theory allows selection of the best
- model, the result should be confirmed by a series of
computations on different permutations of the data set,
- and by use of different initial probabilities for the
models considered,

It skould also be noted that evaluation of the weight
factors based on the discrimination function g also
serves the purpose of experiment design. Thus, if the
discrimination problem cannot be solved, new experi-
‘ments should be made in the e;apenmema] region giving
high g-values.

Finally, when the best model Ihas been selected, the
‘parameter vzlues should be re-evaluated by a new com-
putation according 1o egn. {7)."
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